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Abstract
Semi-classical gravity is an approximation to quantum gravity where gravity is
treated classically and matter quantum mechanically. Matter is described by quan-
tum field theory on curved space-time, whereas gravity is described by a space-time
metric which satisfies Einstein’s field equations. In the usual approach to semi-
classical gravity, the matter source term in Einstein’s field equations is given by
the expectation value of the energy-momentum tensor operator. In this paper, we
suggest an alternative approach based on Bohmian mechanics. In Bohmian me-
chanics, a quantum system is described by an actual configuration (e.g., an actual
scalar field), which evolves under the influence of the wave function. The idea is to
consider the actual energy-momentum tensor corresponding to this configuration as
the matter source term in Einstein’s field equations. This approach is expected to
improve upon the usual approach.
1 Introduction
Quantum gravity is often considered to be the holy grail of theoretical physics. One
approach is canonical quantum gravity, which concerns the Wheeler-DeWitt equation
and which is obtained by applying the usual quantization methods (which were so suc-
cessful in the case of high energy physics) to Einstein’s field equations. However, this
approach suffers from a host of problems, some of technical and some of conceptual
nature (such as finding solutions to the Wheeler-DeWitt equation, the problem of time,
. . . ). For this reason one often resorts to a semi-classical approximation where gravity
is treated classically and matter quantum mechanically [1,2]. The hope is that such an
approximation is easier to analyse and yet reveals some effects of quantum gravitational
nature.
In the usual approach to semi-classical gravity, matter is described by quantum field
theory on curved space-time. For example, in the case the matter is described by a
quantized scalar field, the state vector can be considered to be a functional Ψ(φ) on the
space of fields, which satisfies a particular Schro¨dinger equation
i∂tΨ(φ, t) = Ĥ(φ, g)Ψ(φ, t) , (1)
where the Hamiltonian operator Ĥ depends on the space-time metric g. This metric
satisfies Einstein’s field equations
Gµν(g) = 8piG〈Ψ|T̂µν(φ, g)|Ψ〉 , (2)
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where the source term is given by the expectation value of the energy-momentum tensor
operator.
This semi-classical approximation of course has limited validity. For example, it
will form a good approximation when the matter state approximately corresponds to a
classical state (i.e., a coherent state), but will fail to be so when the state is a macroscopic
superposition of such states. Namely, for such a superposition Ψ = (Ψ1 + Ψ2)/
√
2, we
have that 〈Ψ|T̂µν |Ψ〉 ≈
(
〈Ψ1|T̂µν |Ψ1〉+ 〈Ψ2|T̂µν |Ψ2〉
)
/2, so that the gravitational field
is affected by two matter sources, one coming from each term in the superposition.
However, one expects that according to a full theory for quantum gravity, the states
|Ψ1〉 and |Ψ2〉 each have their own gravitational field and that the total state is a
superposition of those. And, indeed, Page and Geilker showed with an experiment that
this semi-classical theory is not adequate [2, 3].
Of course, as already noted by Page and Geilker, it could be that this problem is
not due to fact gravity is treated classically, but due to the choice of the version of
quantum theory. Namely, Page and Geilker adopted the Many Worlds point of view,
according to which the wave function never collapses. However, according to standard
quantum theory the wave function is supposed to collapse during a measurement. Which
physical processes act as measurements is of course rather vague and is the source of
the measurement problem. But it could be that such collapses explain the outcome of
their experiment. If an explanation of this type is sought, one should consider so-called
spontaneous collapse theories, where collapses are objective, random processes that do
not in a fundamental way depend on the notion of measurement. (See [4] and [5] for
actual proposals combining such a spontaneous collapse approach with respectively (2)
and its non-relativistic version.)
In this paper, we consider an alternative to standard quantum mechanics, called
Bohmian mechanics [8–11]. Bohmian mechanics solves the measurement problem by
introducing an actual configuration (particle positions in the non-relativistic domain,
particle positions or fields in the relativistic domain [6]) that evolves under the influence
of the wave function. According to this approach, instead of coupling classical gravity
to the wave function, it is natural to couple it to the actual matter configuration. For
example, in the case of a scalar field there is an actual field φB whose time evolution is
determined by the wave functional Ψ. There is an energy-momentum tensor Tµν(φB , g)
corresponding to this scalar field and this tensor can be introduced as the source term
in Einstein’s field equations:
Gµν(g) = Tµν(φB , g) . (3)
This approach immediately solves the problem with the macroscopic superposition, since
the energy-momentum tensor will correspond to just one of the macroscopic matter
distributions.
However, there is an immediate problem with this approach, namely that equation
(3) is not consistent. The Einstein tensor Gµν is identically conserved, i.e., ∇µGµν ≡ 0.
So the Bohmian energy-momentum tensor Tµν(φB , g) must be conserved as well. How-
ever, the equation of motion for the scalar field does not guarantee this. (Similarly, in the
Bohmian approach to non-relativistic systems, the energy is generically not conserved.)
As explained in [7], the root of the problem seems to be the gauge invariance, which
in this case is the invariance under spatial diffeomorphisms. Because the scalar field and
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the space-time metric are connected by spatial diffeomorphisms, it seems that one can
not just assume the metric to be classical without also assuming the scalar field φB to
be classical (in which case the energy-momentum tensor is conserved).
A similar problem arises when we consider a Bohmian semi-classical approximation
to scalar electrodynamics, which describes a scalar field interacting with an electromag-
netic field. In this case, the wave equation for the scalar field is of the form
i∂tΨ(φ, t) = Ĥ(φ,A)Ψ(φ, t) , (4)
where A is the vector potential. There is also a Bohmian scalar field φB and a charge
current jν(φB , A) that could act as the source term in Maxwell’s equations
∂µF
µν(A) = jν(φB , A) , (5)
where Fµν is the electromagnetic field tensor. In this case, we have ∂ν∂µF
µν ≡ 0 due to
the anti-symmetry of Fµν . As such, the charge current must be conserved. However, the
Bohmian equation of motion for the scalar field does not imply conservation. Hence, just
as in the case of gravity, a consistency problem arises. As explained in [7], this problem
can be overcome by eliminating the gauge invariance, either by assuming some gauge
fixing or (equivalently) by working with gauge-independent degrees of freedom. In this
way, we can straightforwardly derive a semi-classical approximation starting from the
full Bohmian approach. For example, in the Coulomb gauge, the result is that there is
an extra current jνQ which appears in addition to the usual charge current and which
depends on the quantum potential, so that Maxwell’s equations read
∂µF
µν(A) = jν(φB , A) + j
ν
Q(φB , A) . (6)
While it is easy to eliminate the gauge invariance in the case of electrodynamics, this
is notoriously difficult in the case of general relativity. One can formulate a Bohmian
approach for the Wheeler-DeWitt equation for a scalar matter field interacting with
gravity, but the usual formulation does not explicitly eliminate the gauge freedom arising
from spatial diffeomorphism invariance. Our expectation is that one could find a semi-
classical approximation given such a formulation. At least we find our expectation
confirmed in simplified models, called mini-superspace models, where this invariance is
eliminated. We will illustrate this for the model described by the homogeneous and
isotropic Friedmann-Lemaˆıtre-Robertson-Walker metric and a uniform scalar field.
In this paper, we are merely concerned with the formulation of Bohmian semi-
classical approximations. Practical applications will be studied elsewhere. Such ap-
plications already have been studied in the context of quantum chemistry, see section 3.
It appears that Bohmian semi-classical approximations yield better or equivalent results
compared to the usual semi-classical approximation. (They are better in the sense that
they are closer to the exact quantum results). This provides good hope that also in
other contexts, such as quantum gravity, the Bohmian approach also gives better re-
sults. Potential applications might be found in inflation theory, where the back-reaction
from the quantum fluctuations onto the classical background can be studied, or in black
hole physics, to study the back-reaction from the Hawking radiation onto space-time.
The outline of the paper is as follows. After introducing Bohmian mechanics in
section 2, we will discuss how to derive a Bohmian semi-classical approximation in the
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context of non-relativistic quantum mechanics. Semi-classical approximations to other
quantum theories can be derived in a similar way. We present such approximations for
scalar quantum electrodynamics in section 4 and for a mini-superspace model in section
5. More examples and details can be found in [7].
2 Bohmian mechanics
2.1 Non-relativistic quantum mechanics
Non-relativistic Bohmian mechanics (also called pilot-wave theory or de Broglie-Bohm
theory) is a theory about point-particles in physical space moving under the influ-
ence of the wave function [8–11]. The equation of motion for the configuration X =
(X1, . . . ,Xn) of the particles is given by
1
X˙(t) = vψ(X(t), t) , (7)
where vψ = (vψ1 , . . . ,v
ψ
n ), with
v
ψ
k =
1
mk
Im
(
∇kψ
ψ
)
=
1
mk
∇kS (8)
and ψ = |ψ|eiS. The wave function ψ(x, t) = ψ(x1, . . . ,xn) itself satisfies the non-
relativistic Schro¨dinger equation
i∂tψ(x, t) =
(
−
n∑
k=1
1
2mk
∇2k + V (x)
)
ψ(x, t) . (9)
For an ensemble of systems all with the same wave function ψ, there is a distinguished
distribution given by |ψ|2, which is called the quantum equilibrium distribution. This
distribution is equivariant. That is, it is preserved by the particles dynamics (7) in the
sense that if the particle distribution is given by |ψ(x, t0)|2 at some time t0, then it is
given by |ψ(x, t)|2 at all times t. This follows from the fact that any distribution ρ that
is transported by the particle motion satisfies the continuity equation
∂tρ+
n∑
k=1
∇k · (vψk ρ) = 0 (10)
and that |ψ|2 satisfies the same equation, i.e.,
∂t|ψ|2 +
n∑
k=1
∇k · (vψk |ψ|2) = 0 , (11)
as a consequence of the Schro¨dinger equation. It can be shown that for a typical initial
configuration of the universe, the (empirical) particle distribution for an actual ensemble
of subsystems within the universe will be given by the quantum equilibrium distribution
1Throughout the paper we assume units in which ~ = c = 1.
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[10–12]. Therefore for such a configuration Bohmian mechanics reproduces the standard
quantum predictions.
Note that the velocity field is of the form jψ/|ψ|2, where jψ = (jψ1 , . . . , jψn) with
j
ψ
k = Im(ψ
∗
∇kψ)/mk is the usual quantum current. In other quantum theories, such
as for example quantum field theories, the velocity can be defined in a similar way by
dividing the appropriate current by the density. In this way equivariance of the density
will be ensured. (See [13] for a treatment of arbitrary Hamiltonians.)
This theory solves the measurement problem. Notions such as measurement or
observer play no fundamental role. Instead measurement can be treated as any other
physical process.
There are two aspects of the theory that are important for deriving the semi-classical
approximation. Firstly, Bohmian mechanics allows for an unambiguous analysis of the
classical limit. Namely, the classical limit is obtained whenever the particles (or at least
the relevant macroscopic variables, such as the center of mass) move classically, i.e.,
satisfy Newton’s equation. By taking the time derivative of (7), we find that
mkX¨k(t) = −∇k(V (x) +Qψ(x, t))
∣∣
x=X(t)
, (12)
where
Qψ = −
n∑
k=1
1
2mk
∇2k|ψ|
|ψ| (13)
is the quantum potential. Hence, if the quantum force −∇kQψ is negligible compared to
the classical force −∇kV , then the k-th particle approximately moves along a classical
trajectory.
Another aspect of the theory is that it allows for a simple and natural definition
for the wave function of a subsystem [10, 12]. Namely, consider a system with wave
function ψ(x, y) where x is the configuration variable of the subsystem and y is the
configuration variable of its environment. The actual configuration is (X,Y ), where X
is the configuration of the subsystem and Y is the configuration of the other particles.
The wave function of the subsystem χ(x, t), called the conditional wave function, is then
defined as
χ(x, t) = ψ(x, Y (t), t). (14)
This is a natural definition since the trajectory X(t) of the subsystem satisfies
X˙(t) = vψ(X(t), Y (t), t) = vχ(X(t), t) . (15)
That is, for the evolution of the subsystem’s configuration we can either consider the
conditional wave function or the total wave function (keeping the initial positions fixed).
(The conditional wave function is also the wave function that would be found by a
natural operationalist method for defining the wave function of a quantum mechanical
subsystem [14].) The time evolution of the conditional wave function is completely
determined by the time evolution of ψ and that of Y . This makes that the conditional
wave function does not necessarily satisfy a Schro¨dinger equation, although in many
cases it does. This wave function collapses according to the usual text book rules when
an actual measurement is performed.
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2.2 Quantum field theory
We will also consider semi-classical approximations to quantum field theories. More
specifically, we will consider bosonic quantum field theories. In Bohmian approaches
to such theories it is most easy to introduce actual field variables rather than particle
positions [6,15]. To illustrate how this works, let us consider the free massless real scalar
field (for the treatment of other bosonic field theories see [15]). Working in the functional
Schro¨dinger picture, the quantum state vector is a wave functional Ψ(φ) defined on a
space of scalar fields in 3-space and it satisfies the functional Schro¨dinger equation
i∂tΨ(φ, t) =
1
2
∫
d3x
(
− δ
2
δφ(x)2
+∇φ(x) ·∇φ(x)
)
Ψ(φ, t) . (16)
The associated continuity equation is
∂t|Ψ(φ, t)|2 +
∫
d3x
δ
δφ(x)
(
δS(φ, t)
δφ(x)
|Ψ(φ, t)|2
)
= 0 , (17)
where Ψ = |Ψ|eiS . This suggests the guidance equation
φ˙(x, t) =
δS(φ, t)
δφ(x)
∣∣∣∣
φ(x)=φ(x,t)
. (18)
(Note that in this case we did not distinguish notationally the actual field variable from
the argument of the wave functional.) Taking the time derivative of this equation results
in
φ(x, t) = −δQ
Ψ(φ, t)
δφ(x)
∣∣∣∣
φ(x)=φ(x,t)
, (19)
where
QΨ = − 1
2|Ψ|
∫
d3x
δ2|Ψ|
δφ(x)2
(20)
is the quantum potential. The classical limit is obtained whenever the quantum force,
i.e., the right hand side of equation (19), is negligible. Then the field approximately
satisfies the classical field equation φ = 0.
One can also consider the conditional wave functional of a subsystem. A subsystem
can in this case be regarded as a system confined to a certain region in space. The
conditional wave functional for the field confined to that region is then obtained from
the total wave functional by conditioning over the actual field value on the complement
of that region. However, in the following we will not consider this kind of conditional
wave functional. Rather, there will be other degrees of freedom, like for example other
fields, which will be conditioned over.
This Bohmian approach is not Lorentz invariant. The guidance equation (18) is
formulated with respect to a preferred reference frame and as such violates Lorentz
invariance. This violation does not show up in the statistical predictions given quantum
equilibrium, since the theory makes the same predictions as standard quantum theory
which are Lorentz invariant.2 The difficulty in finding a Lorentz invariant theory resides
2Actually, this statement needs some qualifications since regulators need to be introduced to make
the theory and its statistical predictions well-defined [15].
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in the fact that any adequate formulation of quantum theory must be non-local [16]. One
approach to make the Bohmian theory Lorentz invariant is by introducing a foliation
which is determined by the wave function in a covariant way [17]. In this paper, we
will not attempt to maintain Lorentz invariance. As such, the Bohmian semi-classical
approximations will not be Lorentz invariant, (very likely) not even concerning the
statistical predictions. This is in contrast with the usual approach like the one for gravity
given by (1) and (2) which is fully Lorentz invariant. However, this does not take away
the expectation that the Bohmian semi-classical approximation will give better or at
least equivalent results compared to the usual approach.
2.3 Quantum gravity
In canonical quantum gravity, the state vector is a functional Ψ(h, φ) on the space of
3-metrics hij(x) on a 3-dimensional manifold and fields φ(x) (in the case the matter is
described by a quantized scalar field). The wave functional is static and merely satisfies
the constraints [2]
HΨ(h, φ) = 0 , (21)
HiΨ(h, φ) = 0 . (22)
Their explicit forms are not important here. The latter constraint expresses the fact
that the wave functional is invariant under infinitesimal diffeomorphisms of 3-space.
The former equation is the Wheeler-DeWitt equation. It is believed that this equation
contains the dynamical content of the theory. However, it is as yet not clear how this
dynamical content should be extracted. This is the problem of time [2, 18].
In the Bohmian approach, there is an actual 3-metric and a scalar field, whose
dynamics depends on the wave functional [19–21]. The dynamics expresses how the
Bohmian configuration changes along a succession of 3-dimensional space-like surfaces.3
Although the wave function is stationary, the Bohmian configuration will change along
these surfaces for generic wave functions. This is how the Bohmian approach solves the
problem of time.
Some cosmological applications of the Bohmian approach to quantum gravity are
the explanation of the quantum-to-classical transition in inflation theory [22,23] and the
study of space-time singularities [24–26].
3 Non-relativistic quantum mechanics
3.1 Usual versus Bohmian semi-classical approximation
Consider a composite system of just two particles. The usual semi-classical approach
(also called the mean-field approach) goes as follows. Particle 1 is described quantum
mechanically, by a wave function χ(x1, t), which satisfies the Schro¨dinger equation
i∂tχ(x1, t) =
[
− 1
2m1
∇21 + V (x1,X2(t))
]
χ(x1, t) , (23)
3The succession of the surfaces is determined by the lapse function and different choices of lapse
function lead to different Bohmian dynamics. This implies that the dynamics is not invariant under
space-time diffeomorphisms. Again, the root of the problem is the non-locality of quantum theory.
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where the potential is evaluated for the position of the second particleX2, which satisfies
Newton’s equation
m2X¨2(t) = −
〈
χ
∣∣∣∇2V (x1,x2)∣∣x2=X2(t)∣∣∣χ〉
=
∫
d3x1|χ(x1, t)|2[−∇2V (x1,x2)]
∣∣∣
x2=X2(t)
. (24)
So the force on the right-hand-side is averaged over the quantum particle.
An alternative semi-classical approach based on Bohmian mechanics was proposed
independently by Gindensperger et al. [27] and Prezhdo and Brooksby [28]. In this
approach there is also an actual position for particle 1, denoted by X1, which satisfies
the equation
X˙1(t) = v
χ(X1(t), t) , (25)
where
vχ =
1
m1
Im
∇χ
χ
, (26)
and where χ satisfies the Schro¨dinger equation (23). But instead of equation (24), the
second particle now satisfies
m2X¨2(t) = −∇2V (X1(t),x2)
∣∣
x2=X2(t)
, (27)
where the force depends on the position of the first particle. So in this approximation
the second particle is not acted upon by some average force, but rather by the actual
particle of the quantum system. This approximation is therefore expected to yield a
better approach than the usual approach, in the sense that it yields predictions closer to
those predicted by full quantum theory, especially in the case where the wave function
evolves into a superposition of non-overlapping packets. This is indeed confirmed by a
number of studies, as we will discuss below.
Let us first mention some properties of this approximation and compare them to
the usual approach. In the mean field approach, the specification of an initial wave
function χ(x1, t0), an initial position X2(t0) and velocity X˙2(t0) determines a unique
solution for the wave function and the trajectory of the classical particle. In the Bohmian
approach also the initial position X1(t0) of the particle of the quantum system needs
to be specified in order to uniquely determine a solution. Different initial positions
X1(t0) yield different evolutions for the wave function and the classical particle. This is
because the evolution of each of the variables X1,X2, χ depends on the others. Namely,
the evolution of χ depends on X2 via (23), whose evolution in turn depends on X1 via
(27), whose evolution in turn depends on χ via (25). (This should be contrasted with
the full Bohmian theory, where the wave function acts on the particles, but there is no
back-reaction from the particles onto the wave function.)
The initial configuration X1(t0) should be considered random with distribution
|χ(x1, t0)|2. However, this does not imply that X1(t) is random with distribution
|χ(x1, t)|2 for later times t. It is not even clear what the latter statement should mean,
since different initial positions X1(t0) lead to different wave function evolution; so which
wave function should χ(x1, t) be?
This semi-classical approximation has been applied to a number of systems. Prezhdo
and Brookby studied the case of a light particle scattering off a heavy particle [28].
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They considered the scattering probability over time and found that the Bohmian semi-
classical approximation was in better agreement with the exact quantum mechanical
prediction than the usual approximation. The Bohmian semi-classical approximation
gives probability one for the scattering to have happened after some time, in agreement
with the exact result, whereas the probability predicted by the usual approach does
not reach one. The reported reason for the better results is that the wave function
of the quantum particle evolves into a superposition of non-overlapping packets, which
yields bad results for the usual approach (since the force on the classical particle contains
contributions from both packets), but not for the Bohmian approach. These results were
confirmed and further expanded by Gindensperger et al. [29]. Other examples have been
considered in [27,30,31]. In those cases, the Bohmian semi-classical approximation gave
very good agreement with the exact quantum or experimental results. It was always
either better or comparable to the usual approach. These results give good hope that
the Bohmian semi-classical approximation will also give better results than the usual
approximation in other domains such as quantum gravity.
3.2 Derivation of the Bohmian semi-classical approximation
The Bohmian semi-classical approach can easily be derived from the full Bohmian the-
ory.4 Consider a system of two particles. In the Bohmian description of this system, we
have a wave function ψ(x1,x2, t) and positions X1(t),X2(t), which respectively satisfy
the Schro¨dinger equation
i∂tψ =
[
− 1
2m1
∇21 −
1
2m2
∇22 + V (x1,x2)
]
ψ (28)
and the guidance equations
X˙1(t) = v
ψ
1 (X1(t),X2(t), t) , X˙2(t) = v
ψ
2 (X1(t),X2(t), t) . (29)
The conditional wave function χ(x1, t) = ψ(x1,X2(t), t) for particle 1 satisfies the equa-
tion
i∂tχ(x1, t) =
(
− ∇
2
1
2m1
+ V (x1,X2(t))
)
χ(x1, t) + I(x1, t) , (30)
where
I(x1, t) =
(
− ∇
2
2
2m2
ψ(x1,x2, t)
) ∣∣∣∣∣
x2=X2(t)
+ i∇2ψ(x1,x2, t)
∣∣∣
x2=X2(t)
·vψ2 (X1(t),X2(t), t) .
(31)
4The derivation is very close to the one followed by Gindensperger et al. [27]. A difference is that they
also let the wave function of the quantum system depend parametrically on the position of the classical
particle. This leads to a quantum force term in the equation (27) for particle 2. However, this does
not seem to lead to a useful set of equations. In particular, they can not be numerically integrated by
simply specifying the initial wave function and particle positions. In any case, Gindensperger et al. drop
this quantum force when considering examples [27,29,30], so that the resulting equations correspond to
the ones presented above.
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So in case I is negligible in (30), up to a time-dependent factor times χ,5 we are led to
the Schro¨dinger equation (23). This will for example be the case if m2 is much larger
than m1 (I is inversely proportional to m2) and if the wave function slowly varies as a
function of x2. We also have that
m2X¨2(t) = −∇2
[
V (X1(t),x2) +Q
ψ(X1(t),x2, t)
] ∣∣∣∣∣
x2=X2(t)
, (32)
with Qψ the quantum potential. We obtain the classical equation (27), if the quantum
force is negligible compared to the classical force.
In this way we obtain the equations for a semi-classical formulation. In addition, we
also have the conditions under which they will be valid. For other quantum theories,
such as quantum gravity, we can follow a similar path to find a Bohmian semi-classical
approximation.
4 Scalar electrodynamics
We consider scalar electrodynamics to illustrate the issues with developing a Bohmian
semi-classical approximation for a gauge theory. There are various equivalent ways of
formulating the Bohmian approach [7]. These formulations can either be found by
considering different gauges or by working with different choices of gauge-independent
variables. Here, we will consider two examples of gauges, namely the temporal gauge,
which is an incomplete gauge fixing, and the Coulomb gauge, which completely fixes
the gauge symmetry. Using the former gauge, we are not immediately led to a semi-
classical approximation, due to the remaining gauge freedom, while we are, using the
latter gauge.
In classical scalar electrodynamics, the equations of motion for the scalar field φ and
the vector potential Aµ = (A0,A) are
DµD
µφ+m2φ = 0 , ∂µF
µν = jν , (33)
where Dµ = ∂µ + ieAµ is the covariant derivative, F
µν = ∂µAν − ∂νAµ the electromag-
netic field tensor and
jν = ie (φ∗Dνφ− φDν∗φ∗) (34)
is the charge current. The theory has a local gauge symmetry
φ→ eieαφ , Aµ → Aµ − ∂µα . (35)
One possible choice of gauge is the temporal gauge A0 = 0. It does not completely
fix the gauge; there is still a residual gauge symmetry given by the time-independent
transformations
φ→ eieθφ , A→ A+∇θ , (36)
5If I contains a term of the form f(t)χ, then it can be eliminated by changing the phase of χ by a
time-dependent term.
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with θ˙ = 0. Quantization in this gauge leads to the following functional Schro¨dinger
equation for Ψ(φ,A, t) [32]:6
i∂tΨ =
∫
d3x
(
− δ
2
δφ∗δφ
+ |Dφ|2 +m2|φ|2 − 1
2
δ2
δA2
+
1
2
(∇×A)2
)
Ψ , (37)
together with the constraint
∇ · δΨ
δA
+ ie
(
φ∗
δΨ
δφ∗
− φδΨ
δφ
)
= 0 . (38)
The constraint expresses the fact that the wave functional is invariant under time-
independent gauge transformations, i.e., Ψ(φ,A) = Ψ(eieθφ,A + ∇θ), with θ time-
independent. The constraint is compatible with the Schro¨dinger equation: if it is satis-
fied at one time, it is satisfied at all times.
In the Bohmian approach [33], there are actual configurations φ and A that satisfy
the guidance equations
φ˙ =
δS
δφ∗
, A˙ =
δS
δA
, (39)
where Ψ = |Ψ|eiS . These equations are invariant under the time-independent gauge
transformations (36) because of the constraint (38).
In the framework of standard quantum theory, there is a natural semi-classical ap-
proximation that treats the vector potential classically and the scalar field quantum
mechanically. The scalar field is described by a wave functional χ(φ, t) which satisfies
i∂tχ =
∫
d3x
(
− δ
2
δφ∗δφ
+ |Dφ|2 +m2|φ|2
)
χ (40)
and the electromagnetic field satisfies Maxwell’s equations (with A0 = 0)
∂µF
µν = 〈χ|̂jν |χ〉 , (41)
where
〈χ|̂j0|χ〉 =
∫
DφΨ∗CΨ = e
∫
DφΨ∗
(
φ∗
δΨ
δφ∗
− φδΨ
δφ
)
,
〈χ|̂j|χ〉 = ie
∫
Dφ|Ψ|2 (φD∗φ∗ − φ∗Dφ) , (42)
with
C(x) = e
(
φ∗(x)
δ
δφ∗(x)
− φ(x) δ
δφ(x)
)
(43)
the charge density operator in the functional Schro¨dinger picture. This theory is con-
sistent since ∂µ〈χ|̂jµ|χ〉 = 0, as a consequence of the Schro¨dinger equation (40).
A natural guess for a Bohmian semi-classical approximation similar to the usual one
is the following (and can be obtained from the full Bohmian approach by considering the
6The wave functional should be understood as a functional of the real and imaginary part of φ.
In addition, writing φ = (φr + iφi)/
√
2, we have that the functional derivatives are given by δ/δφ =
(δ/δφr − iδ/δφi)/
√
2 and δ/δφ∗ = (δ/δφr + iδ/δφi)/
√
2.
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conditional wave function χ(φ, t) = Ψ(φ,A(t), t)). An actual field φ is introduced that
satisfies φ˙ = δS/δφ∗, where the wave functional satisfies (40), and Maxwell’s equations
read ∂µF
µν = jν , where jµ is the classical expression for the charge current. However,
the second order equation for the Bohmian field is
φ¨−D2φ+m2φ = −δQ
χ
δφ∗
, (44)
where Qχ = − 1|χ|
∫
d3x
(
δ2|χ|
δφ∗δφ
)
. As a consequence, ∂µj
µ = −iCQχ and hence Maxwell’s
equations imply that CQχ = 0 or Qχ = Qχ(|φ|2). This is a constraint on the wave
functional that was absent in the usual semi-classical theory. It also seems to be a rather
strong condition. It will for example be satisfied if the scalar field evolves classically
(i.e., when the right-hand side of (44) is zero) but it is unclear whether there are other
solutions.
So the conclusion seems to be that if we assume A classical, then φ should also
behave classically. This is not surprising since the gauge symmetry implies that the
physical (i.e., gauge invariant) degrees of freedom are some combination of the fields A
and φ. So one can not just assume A classical and keep φ fully quantum.
In [7], we showed that the problem disappears if we eliminate the gauge freedom,
for example by using a gauge which completely fixes the gauge freedom. We discussed
in detail the Coulomb and the unitary gauge and showed that a semi-classical approx-
imation can easily be obtained by considering either the scalar or electromagnetic field
classically.
Let us consider the Coulomb gauge ∇ ·A = 0 here. In the full Bohmian approach
[7,15] we have that there are actual fields7 φ andAT that are guided by a wave functional
Ψ(φ,AT , t) which satisfies the functional Schro¨dinger equation
i∂tΨ =
∫
d3x
(
− δ
2
δφ∗δφ
+|(∇−ieAT )φ|2+m2|φ|2− 1
2
C 1∇2C−
1
2
δ2
δAT2
+
1
2
(∇×AT )2
)
Ψ .
(45)
The first three terms in the Hamiltonian correspond to the Hamiltonian of a scalar field
minimally coupled to a transverse vector potential. The fourth term corresponds to the
Coulomb potential and the remaining terms to the Hamiltonian of a free electromagnetic
field. The guidance equations are
φ˙ =
δS
δφ∗
− eφ 1∇2 CS , A˙
T =
δS
δAT
. (46)
Defining
A0 = −i 1∇2CS , (47)
we can rewrite the guidance equation for the scalar field as
D0φ =
δS
δφ∗
. (48)
7We have used the decomposition A = AT +AL, where AT and AL are respectively the transverse
and longitudinal part of the vector potential. The Coulomb gauge then corresponds to AL = 0.
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The definition of A0 was motivated by analogy with the classical equations of motion [7].
While this Bohmian approach is equivalent to the one in the temporal gauge [7], it
naturally leads to the following semi-classical approximation (by considering the condi-
tional wave function for the scalar field). The wave functional χ(φ, t) satisfies
i∂tχ =
∫
d3x
(
− δ
2
δφ∗δφ
+ |(∇− ieAT )φ|2 +m2|φ|2 − 1
2
C 1∇2C
)
χ (49)
and guides the actual scalar field through
D0φ =
δS
δφ∗
, (50)
where A0 is defined as before and with S now the phase of χ. The vector potential
Aµ = (A0,A
T ) satisfies Maxwell’s equations
∂µF
µν = jν + jνQ , (51)
where jνQ = (0, jQ) is an additional “quantum” current, with
jQ = i∇
1
∇2CQ
χ (52)
and
Qχ = − 1|χ|
∫
d3x
(
δ2|χ|
δφ∗δφ
+
1
2
C 1∇2 C|χ|
)
(53)
the quantum potential. These equations are consistent in the sense that ∂µ(j
µ+jµQ) = 0,
as a consequence of the second order equation
DµD
µφ−m2φ = −δQ
χ
δφ∗
, (54)
which follows from taking the time derivative of (50).
5 Quantum gravity: mini-superspace model
The structure of the Bohmian approach to canonical gravity (outlined in section 2.3)
is similar to that of scalar electrodynamics in the temporal gauge. Namely, in both
cases there is a constraint on the wave functional which expresses invariance under in-
finitesimal gauge transformations: spatial diffeomorphisms in the former case and phase
transformations in the latter case. In both cases the gauge invariance seems to be the
source of the problem in formulating a consistent Bohmian semi-classical approxima-
tion. In the case of quantum electrodynamics the problem was overcome by gauge
fixing. Presumably one can find a similar solution in quantum gravity. However, finding
a suitable gauge is a notoriously hard problem in this case. We can however consider
a mini-superspace model which is a symmetry-reduced approach to quantum gravity
where homogeneity and isotropy are assumed. In this case, the spatial diffeomorphism
invariance is eliminated and we can straightforwardly develop a Bohmian semi-classical
approximation, as we will now show.
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In the classical mini-superspace model, the universe is described by the Friedmann-
Lemaˆıtre-Robertson-Walker (FLRW) metric
ds2 = N(t)2dt2 − a(t)2dΩ23 , (55)
where N is the lapse function, a = eα is the scale factor8 and dΩ23 is the metric on 3-
space with constant curvature k. Assuming matter that is described by a homogeneous
scalar field φ, the equations of motion are [7, 34,35]:
1
2
α˙2 =
1
κ
(
1
2
φ˙2 + VM
)
+ VG , (56)
φ¨+ 3α˙φ˙+ ∂φVM = 0 , (57)
where the gauge N = 1 is choosen,9 κ = 3/4piG,
VG = −1
2
ke−2α +
1
6
Λ (58)
is the gravitational potential, with Λ the cosmological constant, and VM is the potential
for the matter field.
Canonical quantization of the classical theory yields the Wheeler-DeWitt equation:
(ĤG + ĤM)ψ = 0 , (59)
where
ĤG =
1
2κe3α
∂2α + κe
3αVG , ĤM = − 1
2e3α
∂2φ + e
3αVM . (60)
In the corresponding Bohmian approach [35], there is an actual FLRWmetric of the form
(55) and scalar field, whose time evolutions are determined by the guidance equations
α˙ = − N
κe3α
∂αS , φ˙ =
N
e3α
∂φS , (61)
where N is an arbitrary lapse function.10 In the gauge N = 1, these equations imply
1
2
α˙2 =
1
κ
(
1
2
φ˙2 + VM +Q
ψ
M
)
+ VG +Q
ψ
G , (62)
φ¨+ 3α˙φ˙+ ∂φ(VM +Q
ψ
M + κQ
ψ
G) = 0 , (63)
8The reason for introducing the variable α is that it is unbounded, unlike the scale factor, which
satisfies a > 0.
9The theory is time-reparamaterization invariant. Solutions that differ only by a time-
reparameterization are considered physically equivalent. Choosing the gauge N = 1 corresponds to
a particular time-parameterization.
10Just as the classical theory, the Bohmian approach is time-reparameterization invariant. This is a
special feature of mini-superspace models [36,37]. As mentioned before, for the usual formulation of the
Bohmian dynamics for the Wheeler-DeWitt theory of quantum gravity, a particular space-like foliation
of space-time or, equivalently, a particular choice of “initial” space-like hypersurface and lapse function,
needs to be introduced. Different foliations (or lapse functions) yield different Bohmian theories.
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where
QψG =
1
2κ2e6α
∂2α|ψ|
|ψ| , Q
ψ
M = −
1
2e6α
∂2φ|ψ|
|ψ| . (64)
We will now look for a semi-classical approximation where the scale factor behaves
approximately classical. In order to do so, we assume again the gauge N = 1 and we
consider the conditional wave function χ(φ, t) = ψ(φ, α(t)), given a set of trajectories
(α(t), φ(t)). Using
∂tχ(φ, t) = ∂αψ(φ, α)
∣∣
α=α(t)
α˙(t) , (65)
we can write
i∂tχ = ĤMχ+ I , (66)
where11
I =
1
α˙
i∂tχ
(
α˙+
1
κe3α
∂αS
∣∣
α(t)
)
+
1
2κe3α
[
(∂αS)
2 + i∂2αS
] ∣∣∣
α(t)
χ+κe3α(VG+Q
ψ
G)
∣∣∣
α=α(t)
χ .
(67)
When I is negligible (up to a real time-dependent function times χ), (66) becomes the
Schro¨dinger equation for a homogeneous matter field in an external FLRW metric. We
can further assume the quantum potential QψG to be negligible compared to other terms
in eq. (62). As such, we are led to the semi-classical theory:
i∂tχ = ĤMχ , (68)
φ˙ =
1
e3α
∂φS , (69)
1
2
α˙2 =
1
κ
(
1
2
φ˙2 + VM +Q
χ
M
)
+ VG ≡ − 1
κe3α
∂tS + VG . (70)
Let us now consider when the term I will be negligible. The quantity in brackets
in the first term would be zero when evaluated for the actual trajectory φ(t) (because
of the guidance equation for α). As such, the first term will be negligible if the actual
scale factor evolves approximately independently of the scalar field. The second term
will be negligible if S varies slowly with respect to α or if the term in square brackets
is approximately independent of φ. In the latter case, the second term becomes a
time-dependent function times χ, which can be eliminated by changing the phase of
χ. Similarly, if QψG ≪ VG then the third term also becomes a time-dependent function
times χ.
In the usual semi-classical approximation, one has (68) and
1
2
α˙2 =
1
κe3α
〈χ|ĤM |χ〉+ VG , (71)
with χ normalized to one. These equations follow from (1) and (2). In [7] an example
is worked out for which the Bohmian semi-classical approximation gives better results
than this approximation. (Note that Vink himself, in his seminal paper on applying
the Bohmian approach to quantum gravity, considers a derivation of the usual semi-
classical approximation, rather than the Bohmian one. But he hinted on the Bohmian
semi-classical approximation in [38].)
11To obtain this equation, note that ∂2αψ = [(∂αS)
2 + i∂2αS + ∂
2
α|ψ|/|ψ|]ψ + 2i∂αS∂αψ, so that
∂2αψ|α=α(t) = [(∂αS)2 + i∂2α + ∂2α|ψ|/|ψ|]|α=α(t)χ + 2i∂αS∂tχ/α˙. Using this equation together with
(59) we obtain (66).
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6 Conclusion
We have shown how semi-classical approximations can be developed using Bohmian
mechanics. We have obtained these approximations from the full Bohmian theory by
assuming certain degrees of freedom to evolve approximately classically. This was illus-
trated for non-relativistic systems. If there is a gauge symmetry, like in electrodynamics
or gravity, then extra care is required in order to obtain a consistent semi-classical
theory. By eliminating the gauge symmetry, either by imposing a gauge or by work-
ing with gauge-independent degrees of freedom, we were able to find a semi-classical
approximation in the case of scalar quantum electrodynamics. For quantum gravity,
eliminating the gauge symmetry (more precisely the spatial diffeomorphism invariance)
is notoriously hard. We have only considered the simplified mini-superspace approach
to quantum gravity, which describes an isotropic and homogeneous universe, and where
the diffeomorphism invariance is explicitly eliminated. More general cases in quantum
gravity still need to be studied. For example, for the case of inflation theory, where one
usually considers fluctuations around an isotropic and homogeneous universe, it should
not be too difficult to develop a Bohmian semi-classical approximation.
Apart from possible applications in quantum cosmology, such as inflation theory, it
might also be interesting to consider potential applications in quantum electrodynamics
or quantum optics. In particular, since the results may be compared to the predictions
of full quantum theory, this could may give us a handle on where to expect better results
for the Bohmian semi-classical approximation compared to the usual one in the case of
quantum gravity where the full quantum theory is not known. That is, it might give us
better insight in which effects are truly quantum and which effect are merely artifacts
of the approximation.
Further developments may include higher order corrections to the semi-classical ap-
proximation. One way of doing this might be by following the ideas presented in [39,40].
As explained there, one might introduce extra wave functions for a subsystem in addi-
tion to the conditional wave function. These wave functions interact with each other and
the Bohmian configurations. By including more of those wave functions one presumably
obtains better approximations to the full quantum result.
Finally, although we regard the Bohmian semi-classical approximation for quantum
gravity as an approximation to some deeper quantum theory for gravity, one could also
entertain the possibility that it is a fundamental theory on its own. At least, there is
presumably as yet no experimental evidence against it.
7 Acknowledgments
This work is supported by the Actions de Recherches Concerte´es (ARC) of the Belgium
Wallonia-Brussels Federation under contract No. 12-17/02.
References
[1] R.M. Wald, “Quantum Field Theory in Curved Spacetime and Black Hole Ther-
modynamics”, The University of Chicago Press, Chicago (1994).
16
[2] C. Kiefer, “Quantum Gravity”, International Series of Monographs on Physics 124,
Clarendon Press, Oxford (2004).
[3] D.N. Page and C.D. Geilker, “Indirect Evidence for Quantum Gravity”, Phys. Rev.
Lett. 47, 979-982 (1981).
[4] A. Diez-Tejedor and D. Sudarsky, “Towards a formal description of the collapse
approach to the inflationary origin of the seeds of cosmic structure”, JCAP 07, 045
(2012) and arXiv:1108.4928 [gr-qc].
[5] M. Derakhshani, “Newtonian semiclassical gravity in the Ghirardi-Rimini-Weber
theory with matter density ontology”, Phys. Lett. A 378, 990-998 (2014) and
arXiv:1304.0471 [gr-qc].
[6] W. Struyve, “Pilot-wave approaches to quantum field theory”, J. Phys.: Conf. Ser.
306, 012047 (2011) and arXiv:1101.5819v1 [quant-ph].
[7] W. Struyve, “Semi-classical approximations based on Bohmian mechanics”,
arXiv:1507.04771 [quant-ph].
[8] D. Bohm and B.J. Hiley, The Undivided Universe, Routledge, New York (1993).
[9] P.R. Holland, The Quantum Theory of Motion, Cambridge University Press, Cam-
bridge (1993).
[10] D. Du¨rr and S. Teufel, Bohmian Mechanics, Springer-Verlag, Berlin (2009).
[11] D. Du¨rr, S. Goldstein and N. Zangh`ı, Quantum Physics Without Quantum Philos-
ophy, Springer-Verlag, Berlin (2012).
[12] D. Du¨rr, S. Goldstein and N. Zangh`ı, “Quantum Equilibrium and the Origin of Ab-
solute Uncertainty”, J. Stat. Phys. 67, 843-907 (1992) and arXiv:quant-ph/0308039.
[13] W. Struyve and A. Valentini, “de BroglieBohm guidance equations for arbitrary
Hamiltonians” J. Phys. A 42, 035301 (2009) and arXiv:0808.0290v3 [quant-ph].
[14] T. Norsen and W. Struyve, “Weak Measurement and Bohmian Conditional Wave
Functions”, Ann. Phys. 350, 166-178 (2014) and arXiv:1305.2409 [quant-ph].
[15] W. Struyve, “Pilot-wave theory and quantum fields”, Rep. Prog. Phys. 73, 106001
(2010) and arXiv:0707.3685v4 [quant-ph].
[16] S. Goldstein, T. Norsen, D.V. Tausk and N. Zangh`ı, “Bell’s theorem”, Scholarpedia
6(10), 8378 (2011).
[17] D. Du¨rr, S. Goldstein, T. Norsen, W. Struyve and N. Zangh`ı, “Can Bohmian
mechanics be made relativistic?”, Proc. R. Soc. A 470, 20130699 (2014) and
arXiv:1307.1714 [quant-ph].
[18] K.V. Kuchar˘, “Time and interpretations of quantum gravity”, in Proceedings of
the 4th Canadian Conference on General Relativity and Relativistic Astrophysics,
eds. G. Kunstatter, D. Vincent and J. Williams, World Scientific, Singapore (1992),
reprinted in Int. J. Mod. Phys. D 20, 3-86 (2011).
17
[19] Y.V. Shtanov, “Pilot wave quantum cosmology”, Phys. Rev. D 54, 2564-2570 (1996)
and arXiv:gr-qc/9503005.
[20] S. Goldstein and S. Teufel, “Quantum spacetime without observers: ontological
clarity and the conceptual foundations of quantum gravity”, in Physics Meets Phi-
losophy at the Planck Scale, eds. C. Callender and N. Huggett, Cambridge Univer-
sity Press, Cambridge, 275-289 (2004) and arXiv:quant-ph/9902018.
[21] N. Pinto-Neto, “The Bohm Interpretation of Quantum Cosmology”, Found. Phys.
35, 577-603 (2005) and arXiv:gr-qc/0410117.
[22] B.J. Hiley and A.H. Aziz Mufti, in Fundamental Theories of Physics 73, 1995, eds.
M. Ferrero and A. van der Merwe, Kluwer, Dordrecht, 141-156 (1995).
[23] N. Pinto-Neto, G. Santos and W. Struyve, “The quantum-to-classical transition
of primordial cosmological perturbations”, Phys. Rev. D 85, 083506 (2012) and
arXiv:1110.1339 [gr-qc].
[24] N. Pinto-Neto, F.T. Falciano, R. Pereira and E. Sergio Santini, “Wheeler-DeWitt
quantization can solve the singularity problem”, Phys. Rev. D 86, 063504 (2012)
and arXiv:1206.4021 [gr-qc].
[25] N. Pinto-Neto and J.C. Fabris, “Quantum cosmology from the de Broglie-Bohm
perspective”, Class. Quantum Grav. 30, 143001 (2013) and arXiv:1306.0820 [gr-
qc].
[26] F.T. Falciano, N. Pinto-Neto and W. Struyve, “Wheeler-DeWitt quantization and
singularities”, Phys. Rev. D 91, 043524 (2015) and arXiv:1501.04181 [gr-qc].
[27] E. Gindensperger, C. Meier and J.A. Beswick, “Mixing quantum and classical dy-
namics using Bohmian trajectories”, J. Chem. Phys. 113, 9369-9372 (2000).
[28] O.V. Prezhdo and C. Brooksby, “Quantum Backreaction through the Bohmian
Particle”, Phys. Rev. Lett. 86, 32153219 (2001).
[29] E. Gindensperger, C. Meier and J.A. Beswick, “Quantum-classical dynamics in-
cluding continuum states using quantum trajectories”, J. Chem. Phys. 116, 8-13
(2002).
[30] E. Gindensperger, C. Meier, J.A. Beswick and M.-C. Heitz, “Quantum-classical
description of rotational diffractive scattering using Bohmian trajectories: Com-
parison with full quantum wave packet results”, J. Chem. Phys. 116, 10051-10059
(2002).
[31] C. Meier, “Mixed Quantum-Classical Treatment of Vibrational Decoherence”, Phys.
Rev. Lett. 93, 173003 (2004).
[32] C. Kiefer, “Functional Schro¨dinger equation for scalar QED”, Phys. Rev. D 45,
2044-2056 (1992).
18
[33] A. Valentini, On the Pilot-Wave Theory of Classical, quantum and Subquantum
Physics, PhD. Thesis, International School for Advanced Studies, Trieste (1992),
online http://www.sissa.it/ap/PhD/Theses/valentini.pdf.
[34] J.J. Halliwell, “Introductory lectures on quantum cosmology”, in Quantum Cosmol-
ogy and Baby Universes, eds. S. Coleman, J.B. Hartle, T. Piran and S. Weinberg,
World Scientific, Singapore, 159-243 (1991) and arXiv:0909.2566 [gr-qc].
[35] J.C. Vink, “Quantumpotential interpretation of the wave function of the universe”,
Nucl. Phys. B 369, 707-728 (1992).
[36] J. Acacio de Barros and N. Pinto-Neto, “The Causal Interpretation of Quantum
Mechanics and the Singularity Problem and Time Issue in Quantum Cosmology”,
Int. J. Mod. Phys. D 07, 201-213 (1998).
[37] F.T. Falciano, N. Pinto-Neto and E. Sergio Santini, “Inflationary nonsingular quan-
tum cosmological model”, Phys. Rev. D 76, 083521 (2007) and arXiv:0707.1088
[gr-qc].
[38] J. Kowalski-Glikman and J.C. Vink, “Gravity-matter mini-superspace: quantum
regime, classical regime and in between”, Class. Quantum Grav. 7, 901-918 (1990).
[39] T. Norsen, “The Theory of (Exclusively) Local Beables”, Found. of Phys. 40, 1858-
1884 (2010) and arXiv:0909.4553v2 [quant-ph].
[40] T. Norsen, D. Marian and X. Oriols, “Can the wave function in configuration space
be replaced by single-particle wave functions in physical space?”, Synthese 192,
3125-3151 (2015) and arXiv:1410.3676 [quant-ph].
19
